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Optical and Vibrational Properties of Toroidal Carbon Nanotubes
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Abstract: Toroidal carbon nanotubes
(TCNTs), which have been evaluated
for their potential applications in terahertz communication systems, provide
a challenge of some magnitude from a
purely scientific perspective. A design
approach to TCNTs, as well as a classification scheme, is presented based
on the definition of the six hollow sections that comprise the TCNT, slicing
each of them to produce a (possibly
creased) planar entity, and projecting
that entity onto a graphene lattice. As
a consequence of this folding approach,
it is necessary to introduce five- and
seven-membered rings as defect sites

to allow the fusing together of the six
segments into final symmetric TCNTs.
This analysis permits the definition of a
number of TCNT geometry families
containing from 108 carbons up to
much larger entities. Based on density
functional theory (DFT) calculations,
the energies of these structural candidates have been investigated and compared with [60]fullerene. The structures
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toroid topology

Introduction
Shortly after their breaking upon the scientific landscapes,
all-carbon nanostructures, be they fullerenes,[1] carbon nanotubes[2] or graphene,[3] began to revolutionize[4] the arenas of
nanoscience, elemental semiconductor materials science,
physics, and chemical physics. In all of these materials, sp2hybridized carbon atoms form stable trigonal bonds with the
fourth p-orbital being singly occupied and thus conferring
delocalized electronic character upon the different allotropes of carbon, which are defined by the connectivity of
the trigonal bonds within their molecular structures. Despite
the remarkable progress and achievements in research associated with this first generation of all-carbon materials, the
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with the larger tube diameters are computed to be more stable than C60,
whereas the smaller diameter ones are
less stable, but may still be within synthetic reach. Computational studies
reveal that, on account of the stiffness
of the structures, the vibrational frequencies of characteristic low-frequency modes decrease more slowly with increasing ring diameter than do the
lowest optical excitation energies. It
was found that this particular trend is
true for the “breathing mode” vibrations when the diameter of the tubes is
small, but not for more flexible toroidal nanotubes with larger diameters.

ogies is still proceeding apace, the objectives being both to
attain fundamental understanding and to develop candidates
for novel tailor-made materials with well-defined physical
properties. In this context, toroidal carbon nanotubes
(TCNTs) are of special interest on account of their unique
geometries and topologies that are commensurate with potential properties differing significantly from those of existing nanostructures.
Since the first structure was proposed[5] in 1992, several
different structural types of TCNTs have been both predicted theoretically and observed experimentally. Toroidal polyhexes can be created by connecting the ends of singlewalled carbon nanotubes[6] (SWCNTs), and for bundles of
linear carbon nanotubes, large toroidal structures with ring
sizes larger than 100 nm have been observed experimentally.[7] Joining fullerenes with pentagonal and heptagonal rings
into undulated ring systems or looped arrangements of
Haeckelite tubules has also been proposed to give toroidal
nanostructures.[8, 9] For smaller ring sizes, the higher curvature induces a dramatic increase in the strain energy of
TCNTs with all-hexagonal faces; yet, by incorporation of
nonhexagonal defect sites, the strain energy can be reduced
to a significant degree. Indeed, nonhexagonal defects in sp2hybridized carbon structures, inducing both positive and
negative Gaussian curvature, have been observed experimentally.[10, 11] In recent years, a variety of different structures have been proposed and studied theoretically.[12–14] Although experimental evidence for the structures has not yet
been reported, quantum mechanical calculations predict[14, 15]
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that they could exhibit larger or comparable cohesive energies than fullerenes and should therefore be thermodynamically stable.
On account of their quasi-zero-dimensional structures,
these molecular systems have triggered a range of investigations concerning their electronic and magnetic properties.[16]
Of special interest is the prediction of peculiar persistent
currents[17] and exceptional magnetic responses[9, 18] associated with these materials. Encapsulated systems containing
fullerenes[19] or atomic metal loops[20] are described as potential gigahertz oscillators or composites with novel electromagnetic properties.
A further motivation for our investigation comes from
pure mathematics, involving considerations related to expander graphs.[21, 22] These are highly connected sparse
graphs widely used in computer science. They have the
property that, as the size of the graphs increases, the lowest
eigenvalue of the Laplacian remains bounded away from
zero. A separator theorem of Lipton and Tarjan[22] implies
that, as the size of expander graphs increases, they necessarily become of higher genus. Since the normal mode frequencies of molecular structures are defined as those that
are eigenvalues of the total vibration energy operator Hvib,
which is the sum of the kinetic energy operator T and the
potential energy operator V (Hvib = T + V), the relevant implication is that certain molecular structures of higher genus
related to expander graphs should exhibit a lower limit for
their vibrational frequencies. If the vibrational frequencies
are all higher in energy than the lowest electronic transition,
then these vibrations cannot broaden the spectral line. This
lack of line broadening would give a huge Q factor for lines
in this spectral region, namely the terahertz communication
region. This phenomenon could lead to a fashioning of
useful materials in a variety of fields such as terahertz communication systems. Construction of TCNTs is a first step in
the exploration of these structures.
Spurred on by the prospect of useful applications for
TCNTs, we are currently exploring synthetic strategies to
obtain access to this exclusive and elusive class of all-carbon
nanostructures. In concert with our synthetic efforts, we
have carried out a structural appraisal of a series of different
TCNTs with up to 500 carbon atoms from a theoretical
standpoint, and compared their calculated vibrational and
optical properties to their linear carbon nanotube analogues
in order to assess how the special topology affects the vibrations as opposed to the electronic excitations of these exotic
molecules.

Experimental Section
Computational methods: For the calculation of selected parts of the vibrational spectrum via the mode-tracking algorithm, Akira was used.[23]
Step widths of 0.01 a.u. were employed for numerical energy derivatives
with respect to nuclear displacements, unit matrices were used for preconditioning, and the convergence criteria for the mode-tracking calculations were set to 0.0005 a.u. for the maximum component of the residuum vector. As a representative example of a low-frequency mode, a
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breathing mode was chosen as an initial guess. All calculations converged
after one iteration. Unless otherwise mentioned, electronic structure calculations were performed with the quantum chemical program package
Turbomole 5.71[24] using density functional theory and employing the
BP86 functional[25] in combination with the resolution-of-the-identity
(RI’) density fitting technique.[26] We used Ahlrichs TZVP basis by
Schaefer et al.[27] unless otherwise stated, which features a valence triplezeta basis set with polarization functions on all atoms. Electronic excitation energies were calculated using time-dependent DFT (BP86/TZVP
and SAOP[28]/TZP,[29] the latter using the Amsterdam Density Functional
program package[29]). The full point-group symmetry of the molecular
structures was exploited in all calculations.

Results and Discussion
Geometrical properties of toroidal carbon nanotubes: Recently, Chuang et al.[13, 14] described an elegant classification
scheme for TCNTs, which we decided to utilize for the construction of our model compounds. Topologically, a torus
can be considered as an object having genus one and possessing one single hole. Since molecules are built up by discrete atoms, every suitable geometrical model for a molecular torus has to possess some degree of rotational symmetry
other than C1. Therefore, a hollow prism with n-fold rotational symmetry can serve as a good model for TCNTs and,
on account of its high symmetry, can be constructed (Figure 1 a) by employing a circular arrangement of n rotational
unit cells. As shown by Chuang et al.,[14] cutting, unfolding,
and projection onto a planar graphene surface give a two-dimensional representation (Figure 1 b) for the network of the
tubular unit cell. Because of the hexagonal symmetry of graphene sheets, the parameter nrot—indicating the number of
repeated unit cells—should be close to six in order to avoid

Figure 1. Toroidal carbon nanotubes can be considered as hollow prisms
with rotational symmetry: a) Construction by a repeating ring-like arrangement of rotational unit cells. b) Two-dimensional networks of a rotational unit cell are obtained by cutting and unfolding the tubular unit
cell. c) Projection of the 2D network onto a graphene sheet and subsequent folding leads to a 3D model of a TCNT. This geometrical construction introduces an equal number of seven-membered rings (red) on the
inside of the toroid and five-membered rings (blue) on the outside of the
toroid, minimizing the strain energy in this curved structure compared to
bent all-hexagon carbon nanotubes.
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unnecessary strain energy in the final toroidal structure. For
nrot = 6, the unit cell networks can be arranged (Figure 1 c)
on a graphene sheet without any distortion, a situation
which would not be possible for any other value of nrot. In
addition, quantum chemical calculations on various TCNTs
with different nrot values have suggested[14] that the most
stable structures are indeed obtained for nrot = 6 or, in a few
cases when nrot = 5 or 7. In all other cases, the optimized
structures are significantly higher in energy. In the discussion which follows, we will focus on toroidal systems with
nrot = 6.
Cutting and folding of the two-dimensional network leads
(Figure 1 c) to the formation of a polygonal TCNT with hexagonal symmetry. The small and large rectangles of the rotational unit cells correspond to the inner and outer rims of
the toroidal structures, respectively, whereas the two trapezoidal portions form the upper and lower rings of the torus.
As a result of the cutting and folding processes, the hexagons on the vertices of the three-dimensional torus are reconfigured (Figure 1) to pentagons and heptagons. Since all
closed polygonal surfaces must satisfy Eulers formula,[30]
c = VE + F, in which V, E, and F are the numbers of vertices, edges, and faces of the polygon, respectively, and c is
the Euler characteristic of the surface (c = 0 for a genus-one
surface), the algebraic transformations (see Supporting Information) give N5 = N7 (Nx denotes the number of x-membered rings), indicating that every toroidal network of hexagons, pentagons, and heptagons must have equal numbers of
five- and seven-membered rings with no constraint on N6.
Thereby, all heptagons (red) are arranged in the inner rim,
whereas all pentagons (blue) are located on the outer rim
(Figure 1c). The introduction of pentagons and heptagons
into graphene sheets results in positive and negative Gaussian curvature, respectively, and therefore greatly reduces the
strain energy of the curved TCNT in comparison to bent,
defect-free nanotubes. For carbon nanotubes possessing the
so-called 5–7 pair couple defects, bent structures have been
observed experimentally.[11]
Each particular rotational unit cell is described by a set of
two parameters introduced by Chuang et al.[14] Firstly, the
chirality of the resulting TCNT is defined by the concomitant alignment of the unfolded unit cell with respect to the
graphene lattice vectors. Following the usual notation[31] for
chiral SWCNTs, the chirality of the TCNT is introduced by
aligning the base vector of the unit cell along the chirality
vector (n1,n2) with 0 < n1/n2 < 1 and no common divisor for
n1 and n2. In common with linear SWCNTs, there are only
two different achiral structures—with chiral vectors (1,0)
and (1,1)—whereas all other possible chiral vectors lead
(Figure 2 a) to chiral structures. For reasons of simplicity,
only achiral TCNTs will be discussed here, on the understanding that all our considerations can also be applied to
their chiral analogues. For the chiral vector (1,0), the hexagons around the outer and inner rim are arranged in a
zigzag alignment, whereas for (1,1), the six-membered rings
exhibit an armchair configuration; that is, these two structural types correspond to zigzag and armchair SWCNTs in the
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Figure 2. a) A description of selected rotational unit cells on graphene
sheets with reference to two sets of parameters. The chiral vector (green)
indicates the orientation of the base vector in relation to the lattice vectors a1 and a2. By analogy with linear nanotubes, chiral vectors (1,0) and
(1,1) give achiral TCNTs, whereas all other chiral vectors lead to chiral
TCNTs. The four parameters s, n75, n77 and n55, determine the size and
geometrical shape of the resulting TCNT. b) Increasing s leads to larger
ring sizes with a constant tube diameter. c) Increasing n75 leads to larger
tube diameters with a constant toroidal circumference. d) Increasing n77
and n55 leads to structures with higher inner (n77) and outer (n55) rings.
For large values, n55 = n77, TCNTs converge to double-walled CNTs.

linear case. The second set of parameters is defined by the
four numbers n75, n77, n55, and s. The value of n75 defines the
distance from the pentagons to heptagons, whereas the
height of the inner and outer rim is set by n77 and n55, respectively. Finally, parameter s determines the width of the
unit cell.
For a geometrical interpretation of these indices, three
series of different TCNT models, each representing a systematic change of one or two parameters, are depicted in
Figure 2 b–d. Figure 2 b shows different TCNTs with increasing s and constant n75, n77, and n55. This modification leads
to an increased ring size, but does not affect the tube diameter of the torus. Here, and in the following discussion, “ring
diameter” or “size” refers to the larger ring (torus), which
may be formed by the bending of a nanotube. Increasing the
ring size can be rationalized by inserting linear CNT fragments between the bends containing the non-hexagon defects. For the large s limit, these structures become quite
similar to large all-hexagon TCNTs without any defect sites.
By changing only the parameter n75 (Figure 2 c), the ratio
between the diameters of the inner and outer rim can be
modified, resulting in a change of the tube diameter, a situation which corresponds to a change of the roll-up vector for
linear carbon nanotubes. The effects of changing the values
of both n77 and n55 are illustrated in Figure 2 d. Increasing n77
and n55 values lead to an increase in the height of the inner
and outer rims, respectively. Therefore, the diagonal struc-
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tures with n77 = n55 show a series of TCNTs with increasing
height of the toroid with no significant change in the circumference. The tube diameter becomes more distorted from a
perfect circle towards an ellipse, and in the large n limit
case, these structures converge to double-walled carbon
nanotubes.[32]
For this parent type of TCNT, both five- and seven-membered rings are arranged in line with each other on one
cross-section through the torus, resulting in a hollow prism
shape with D6h symmetry (Dnh for nrot = n) as shown in
Figure 3 (structure-type I). However, there are two kinds of
isomerization, both of which retain the high rotational symmetry of the toroidal structures but change the relative positions of the defect sites with respect to each other. On the
one hand, concerted Stone–Wales transformations[33] of
either pentagon or heptagon pairs change their relative arrangement to a staggered configuration (structure-type II in
Figure 3 a). On the other hand, appropriate horizontal shifting of the upper rim relative to the lower rim of the torus
results in a D6d (Dnd for nrot = n) symmetrical hollow antiprism (structure-type III in Figure 3 a). In the case of these
structures, both the pentagons on the outer rim and the heptagons on the inner rim are now arranged in an alternate
fashion in contrast to the aligned arrangement in the structure-type I. A combination of both Stone–Wales transformations and horizontal shifting gives the structure-type IV. For
these structures, the defect sites are in an all-staggered arrangement on a single cross-section through the toroid. We
can recall that there are two different achiral TCNT structures with the chiral vectors (1,0) and (1,1) possessing struc-

tural-type I. Therefore, each parent structure can be transformed to three different structures of types II–IV, giving a
total of eight different families of highly symmetrical
TCNTs A–H. Figure 3 b shows both two-dimensional representations of the rotational unit cells and MMFF94-minimized[34] (Merck molecular force field (MMFF94) implemented in the molecular modeling software SPARTAN 06[35]) 3D structures of one example of each family
possessing 288 (A, C, D, F, G, and H) or 300 (B and E)
carbon atoms. Note that the concerted Stone–Wales transformations of pentagon or heptagon pairs change the arrangement of hexagons in the outer or inner rim from
zigzag to armchair or vice versa, for example, by going from
C to G (Stone–Wales transformation of pairs of heptagons,
in which the inner rim is changed from zigzag to armchair)
or H (Stone–Wales transformation of pairs of pentagons, in
which the outer rim is transformed from zigzag to armchair).
These observations result in the formation of TCNTs with a
different orientation of the hexagons in the inner and outer
rims, for example, E with zigzag in the outer and armchair
in the inner rim or H with armchair in the outer and zigzag
in the inner rim. Especially for structures with large n77 and
n55 values that reach the limit leading to double-walled
linear carbon nanotubes, this approach might be particularly
important for potential applications, since some effects and
properties of both armchair and zigzag carbon nanotubes
can be combined in one molecule in this case. For D6d symmetrical TCNTs, on account of complicated mathematical
issues,[14] the Stone–Wales transformations described here do
not correspond to isomerization processes and therefore the

Figure 3. a) Three other types of high-symmetry TCNTs can be constructed by geometrical transformations of the parent-type I with Dnh symmetry (with
nrot = 6 in all cases in this work, the point group is D6h). Concerted Stone–Wales transformations of pentagon or heptagon pairs give structure-type II, in
which the inner rim is shifted with respect to the outer rim. Horizontal shifting of the upper rim of a hollow prism results in the formation of hollow antiprisms of structure-type III with Dnd symmetry. A combination of both geometrical transformations leads to structure type-IV. b) Each structure type has
two achiral representatives with chiral vectors (1,0) (A, C, F, and H) and (1,1) (B, D, E, and G). Structure-types A–H represent the eight different types
of high-symmetry TCNT isomers only differing in the relative arrangement of both five- and seven-membered defect sites. For each structure type, 2D
unit cells and geometry-optimized molecular structures for TCNTs with 288 (A, C, D, F, G, and H) or 300 (B and E) carbon atoms are shown.
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number of carbon atoms is essentially changed by going
from A to E or B to F.
Structures under investigation: To test our hypothesis that
the vibrational frequencies decrease more slowly with the
increasing ring size compared to the lowest optical transitions for these unique carbon nanostructures, we constructed
two series of TCNTs with defined structural changes and
performed DFT quantum chemical calculations. So far, our
synthetic efforts have been mainly focused on TCNTs of
structure-type A (Figure 3 b), since we believe this class of
compounds should be the easiest to access synthetically. In
all the calculations, therefore, we focused on TCNTs of this
type. For comparison, and to ascertain if the topological
genus and mode of connectivity of the molecular structures
play any role in determining selected optical and vibrational
properties, we also performed calculations on linear analogues, for example, linear carbon nanotubes.
Starting with the smallest possible derivative, that is, for
nrot = 6, we obtained (Figure 4 a) the TCNT-1 (C108) with
(nrot = 6, (1,1,1,1),ACHTUNGRE(1,0)). For a linear analogue, we constructed the single-walled carbon nanotube, SWCNT-1 (C108H12),
with the roll-up vector (3,3) and the translation vector (9,0),
exhibiting the same tube diameter with a linear, defect-free
all-hexagon structure. Furthermore, we have investigated
the effects of changing the structural parameter n75 by constructing TCNT-2 (C192, Figure 4 a) with (nrot = 6, (2,1,1,1),
ACHTUNGRE(1,0)) and the analogous linear carbon nanotube, SWCNT-2
(C196H16), with a roll-up vector of (4,4). Additionally (Figure 4 b), we changed only the parameter s and created the

Figure 4. a) Two types of TCNTs, TCNT-1 (nrot = 6, (1,1,1,1),ACHTUNGRE(1,0)) and
TCNT-2 (nrot = 6, (2,1,1,1),ACHTUNGRE(1,0)) with increasing parameter n75. The increase in n75 can be rationalized by adding additional rings of carbon
atoms in the upper and lower rim of the TCNT (violet atoms). For the
linear analogues SWNT-1 and SWNT-2, increasing the roll-up vector
(x,x) by one unit is consistent with increasing n75 by one unit. b) TCNT-1
series (nrot = 6, (1,1,1,s),ACHTUNGRE(1,0)) with increasing parameter s. The increase in
s can be rationalized by adding additional fragments of linear nanotubes
in between the defect sites (violet and green atoms).
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TCNT-1 series C108, C180, C252, and C324 (nrot = 6, (1,1,1,s),
ACHTUNGRE(1,0); s = 1–4). This structural change can be rationalized by
adding subsequently (3,3) nanotube fragments in between
two sets of defect sites into the toroidal structure, as shown
by the violet and green atoms in Figure 4 b. This exercise
leads to overall elongation without changing the tube diameter in the linear case. Structural models and atomic coordinates for all calculated molecules are provided in the Supporting Information.
Computational approach: To investigate the electronic properties of TCNTs and compare them to their linear analogues
to evaluate their potential as materials for novel technologies, we calculated selected optical and vibrational properties for the four molecular series TCNT-1, SWCNT-1,
TCNT-2, and SWCNT-2 as shown in Figure 4. Our focus is
on whether the frequencies of the breathing modes decrease
more slowly with the increasing ring size of the TCNTs compared with the lowest symmetry-allowed electronic transitions and whether the frequencies of the breathing modes
decrease more slowly for the toroidal systems than for their
linear counterparts.
We optimized the geometry of structural representatives
of all the series, TCNT-1, TCNT-2, SWCNT-1, and SWCNT2, using DFT with a BP86 functional[25] and a basis set of
triple-zeta split-valence quality with polarization functions
on all atoms (TZVP[27]). This combination tends to give accurate vibrational frequencies within the harmonic approximation.[36] Optical excitation energies were obtained from
single-point calculations on the BP86/TZVP optimized
structures, using statistical average of orbital potentials[28]
(SAOP) in combination with a basis set[29] of approximately
the same quality (TZP).
Thermodynamic stability: To assess the thermodynamic stability of the TCNTs, we used the most abundant and stable
fullerene, C60, as a reference compound. To compare molecular systems of different sizes, we calculated the total energies, that is, electronic energies plus the internuclear repulsion, relative to the number of carbon atoms in comparison
to C60. While these energies per carbon atom are straightforward to compute for carbon-only compounds such as
TCNTs, it is unclear how to partition the energy between
carbon and hydrogen atoms in our hydrogen-capped
SWCNTs. Therefore, these data have not been included in
the comparison. Nevertheless, this does not exclude the possibility that, from a synthetic point of view, the SWNCTs
may be even more stable than the TCNTs. Positive energies
indicate that the structures are less stable, and negative energies that they are more stable than C60. Absolute values of
all energies are given in the Supporting Information. The
members of the TCNT-2 series are significantly more stable
than those of the TCNT-1 structures (Figure 5 a), since the
smaller tube diameter for TCNT-1 induces more strain
energy. Increasing the parameter s in each series leads to
more stable structures and, in the very large limit, these
series are expected to reach the energy per atom of the cor-

 2011 Wiley-VCH Verlag GmbH & Co. KGaA, Weinheim

Chem. Eur. J. 2011, 17, 3868 – 3875

Toroidal Carbon Nanotubes

FULL PAPER

Figure 5. a) Total energy per atom for TCNT-1 and TCNT-2 series in relation to the energy per atom of C60. b) Lowest excitation energies Eex
calculated at the TDDFT level (SAOP/TZP and BP86/TZVP) in relation
to the number of carbon atoms for TCNT-1, TCNT-2, SWCNT-1, and
SWCNT-2. c) Frequencies for the radial breathing modes for TCNT-1,
TCNT-2, SWCNT-1, and SWCNT-2 determined by the mode-tracking algorithm.

responding infinite linear SWCNT with the appropriate rollup vector. Compared to the reference fullerene, all derivatives of TCNT-2 exhibit lower total energies per atom than
the known molecule C60, making these structures very promising candidates for synthesis. These observations encourage
us to pursue our synthetic efforts towards TCNT-2 derivatives. For the TCNT-1 series, the energies per atom are
slightly higher than for C60 fullerenes.

Chem. Eur. J. 2011, 17, 3868 – 3875

Optical properties: For investigations on the optical properties, we calculated the lowest symmetry-allowed electronic
excitation energies for all the series TCNT-1, TCNT-2,
SWCNT-1, and SWCNT-2 by employing time-dependent
DFT (TDDFT). Two different combinations of functionals
and basis sets, SAOP/TZP and BP86/TZVP, were used in
order to determine the reliability of these calculations. Since
the two functionals showed very good agreement for all
structures, all results should be accurate within the limitations of TDDFT, and no major artifacts resulting from the
functional should be observed. A linear plot (Figure 5 b) of
the first excitation energies against the number of carbon
atoms reveals that for the linear series, SWCNT-1 and
SWCNT-2, the effect of changing the curvature by going
from SWCNT-1 to SWCNT-2 is small, and the lowest allowed excitation energy depends primarily on the overall
size of the p-system, namely, the number of carbon atoms.
From our limited data set, it can be estimated that this dependence is approximately linear. However, for larger systems other effects, such as the tube helicity, have to be
taken into account, just as some types of SWCNTs, depending on their chirality, are metallic or semiconducting.[37] For
the toroidal systems, the introduction of additional strain as
a result of the ring closure and the presence of pentagon
and heptagon defect sites causes additional effects on the
electronic properties of these systems. Especially for the
small derivatives of TCNT-2, the combination of a bigger
tube diameter and a small ring size might result in stronger
effects due to the bending into a torus, a higher distortion of
the p system and therefore higher excitation energies. With
increasing parameter s, these effects become smaller and it
might be anticipated that for larger s values, excitation energies for both toroidal and linear analogues are mainly determined by the number of carbon atoms, that is, by the size of
the p system. While for the SWCNT-1/TCNT-1 series, the
excitations of the linear species are below those for the toroidal ones, the opposite is true for the series with the larger
tube diameter (SWCNT-2/TCNT-2). On account of computational limits, we were restricted to the analysis of molecular structures with less than 500 atoms, and in this range, the
lowest allowed excitation energies still depend subtly on the
individual structural parameters of the molecules.
Vibrational properties: For molecular systems of this size
(up to 500 atoms), full vibrational calculations that are
quantitatively accurate are very close to, or perhaps beyond
the limit of, current computational resources. However, it is
possible to calculate certain low-energy vibrations, for example, breathing modes, selectively with very little computational effort using algorithms such as mode tracking.[23] In
this approach, specific vibrations can be chosen by an initial
guess and then refined in a subspace-iteration approach,
yielding exact normal modes within the harmonic approximation, that is, vibrational motion is described as a set of
decoupled harmonic oscillators. Although this approximation typically works well for high-frequency modes, for
lower frequencies, the potential energy as a function of elon-
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gation along the normal mode may deviate significantly
from being quadratic. Therefore, we do not expect a reliable
description of the nature and frequency of the lowest-lying
mode within our model, even if the full vibrational spectrum
could be calculated. Thus, we decided instead to focus on
one characteristic type of vibration that is typically expected
to have a low vibrational frequency. We chose breathing
modes for both the TCNT and SWCNT series as a representative example of one of the lowest vibrational modes.
Graphical representations for the calculated breathing
modes for both TCNT-1 and SWCNT-1 are given in
Figure 6. The calculated frequencies ubreath are plotted (Figure 5 c) against the number of carbon atoms for all structures. The breathing modes for the more rigid toroidal systems are higher in energy than for their linear analogues.

Figure 6. Graphical representation of the calculated breathing mode for
a) TCNT-1 ((1,1,1,1),ACHTUNGRE(1,0), C108) as a representative of the TCNT series
and b) SWCNT-1 ((3,3),ACHTUNGRE(9,0), C108H12) as a representative of the SWCNT
series.

ble high-symmetry TCNT structure built up by a closed network of five-, six-, and seven-membered rings.
Additionally, we have investigated the dependence of the
“breathing mode” vibrational frequencies and the lowest
symmetry-allowed electronic excitations for a series of toroidal carbon nanotubes that vary in ring and tube diameter,
and have compared them to their linear carbon nanotube
counterparts. We find that for structures with smaller tube
diameter, the vibrational wave number of the breathing
mode is always higher for the toroidal species than for the
linear one, whereas the lowest allowed electronic excitation
is higher for the linear species than for the toroidal one. As
far as the vibrational properties are concerned, the same is
true for the systems with larger tube diameter, but for the
electronic excitations, the relation is inverted. This behavior
suggests that the topology of the toroidal structures may put
stronger constraints on the lower bound for vibrational frequencies than it does for electronic ones, provided the tube
diameter is small. For the systems under investigation here,
both electronic and vibrational excitation energies decrease
with increasing ring parameters.
The thermodynamic stability of toroidal structures with a
large tube diameter is predicted to be larger than for fullerenes, which suggests that they may be synthetically accessible. Research along these lines is currently underway in
our laboratories.
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