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The authors examine the connection between electron transport under bias in a junction and
nonadiabatic intramolecular electron transfer 共ET兲. It is shown that under certain assumptions it is
possible to define a stationary current that allows the computation of the intramolecular transfer rate
using the same formalism that is employed in the description of transport. They show that the
nonequilibrium Green’s function formalism of quantum transport can be used to calculate the ET
rate. The formal connection between electron transport and electron transfer is made, and they work
out the simple case of an electronic level coupled to a vibrational mode representing a thermal bath
and show that the result is the same as expected from a Fermi golden rule treatment, and in the
high-temperature limit yields the Marcus electron transfer theory. The usefulness of this alternative
formulation of rates is discussed. © 2007 American Institute of Physics. 关DOI: 10.1063/1.2735606兴
With the interest in molecular electronics and electron
transport in single molecule junctions, there has been much
discussion of the similarities between electron transport
through molecules and electron transfer 共ET兲 between/in
molecules as traditionally understood in a chemical reaction.
The similarities have been stressed in theoretical works,1–8
and there have been some preliminary discussions of the
links between the formalisms commonly used to describe
both processes.9–12
Electron transfer reactions in the condensed phase occur
as a response of a molecule to environmental polarization
fluctuations typically produced in a solvent or a solid matrix.
As a result, the electronic density of the molecule fluctuates,
and charge transfer can occur. This process is in many ways
similar to molecular conductance where electron transport
occurs between two electrodes connected by a molecular
bridge, and bias voltage causes an imbalance in chemical
potential, driving electrons through the molecule.
Indeed, the formalism commonly used in the calculation
of current in electron transport, the nonequilibrium Green’s
function 共NEGF兲 method, has been applied to the problems
of x-ray absorption fine structure13–15 and calculating the reaction probability for photoinduced surface reactions.16
Keldysh Green’s functions have also been used in calculating
transition probability expressions for vibrationally modulated
ET.17 Herein we present a simple model that reproduces the
Fermi golden rule 共FGR兲 result for the electron transfer of
two electronic states with harmonic potentials, displaced but
a兲

Electronic mail: ratner@northwestern.edu
Electronic mail: vmujica@northwestern.edu

b兲

0021-9606/2007/126共16兲/161103/5/$23.00

with the same frequency,18 and we discuss the approximations necessary to obtain the Marcus ET theory19,20 using
NEGF. Thus, a formal connection between transport and rate
processes is made. Besides providing a pedagogical link, the
NEGF formalism allows the straightforward inclusion of
electron-electron interactions in the self-energy framework,21
an alternative to the correlated electronic structure methods
currently used in calculating electronic couplings in ET.22–28
We begin with the following single-state Hamiltonian:
H =  0c †c +  0a †a +
+

兺

kc†k ck + M共a + a†兲c†c
兺
k苸L,R

共Vkc†k c + H.c.兲,

共1兲

k苸L,R

where c† / c are creation/annihilation operators for the single
electronic state with energy 0, a† / a are creation/annihilation
operators for the single vibrational mode with frequency 0,
and c†k / ck are creation/annihilation operators for electrons
with energy k in the left and right reservoirs, which are used
to impose steady-state conditions.1,10,16,29 M and Vk are couplings of the single electronic state to the vibrational degree
of freedom and the reservoirs, respectively.
We proceed by applying a canonical transformation,30,31
H̄ = eOHe−O ,
O=

M † †
c c共a − a兲,
0

共2兲
共3兲

resulting in the transformed Hamiltonian 共dropping a constant energy term兲,
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H̄ = 0c†c +

兺 kc†k ck + k苸L,R
兺 共Vkc†k c + H.c.兲,
k苸L,R

共4兲

Gr共t兲
⬁

= − i共t兲 兺 e−it共0+l0兲−S共2NB+1兲Il关2S冑NB共NB + 1兲兴e␤l0/2 ,

where the following definitions have been used:

l=−⬁

共12兲

M2
0 = 0 −
⬅ 0 − ,
0

共5兲

Vk = VkX,

共6兲

where Il is the modified Bessel function.36 At zero temperature, the following simpler expression results
⬁

Gr共t兲 = − i共t兲 兺 e−it共0+l0兲
l=0

共7兲

c̄ = cX,
X = e−M/0共a

†−a兲

共8兲

,

where  is equivalent to the outer-sphere reorganization energy.
As a result of the exponential term in Vk, Wick’s theorem
does not apply and hence no Dyson equation exists for the
electronic Green’s function.32 Treating this situation properly
in the limit of strong electron-phonon and strong electronlead coupling 共or strong electron-electron interaction兲 is a
difficult problem, which can be approached with numerical
renormalization group methods.33 In the ET situation, the
leads represent reservoirs of initial and final states, and in
nonadiabatic ET with small couplings between states, the
effect of renormalization will be small on the electronreservoir coupling,34 Vk ⬇ Vk. 关If desired, a Bloch average
could be performed over the phonon X operators, resulting in
Vk ⬇ V exp共−S共NB + 1 / 2兲兲, where S = 共M / 0兲2 is the HuangRhys factor and NB = 关exp共␤0兲 − 1兴−1 is the Bose distribution
function.兴 We, however, simply ignore the renormalization of
electron-lead coupling,8 and by dropping the X operator
renormalization of Vk we are able to proceed with our approximate transformed Hamiltonian,
H̄ = 0c c +
†

兺

k苸L,R

kc†k ck

+

兺

+ H.c.兲.

I=

e
ប

=−

冕

⬁

dE
关f L共E兲 − f R共E兲兴Tr共Ga⌫RGr⌫L兲,
2

−⬁

2e
ប

冕

The retarded electronic Green’s function is given by31
Gr共t兲 = − i共t兲具关c共t兲,c†共0兲兴+典H = − i共t兲具关c̄共t兲,c̄†共0兲兴+典H¯ ,
共10兲
where 共t兲 is the Heaviside function. The anticommutator
yields two terms corresponding to electron transport and hole
transport,35 but here we only consider electron transport,
where the state is always unfilled,
Gr共t兲 = − i共t兲具c̄共t兲c̄†共0兲典H¯ = − i共t兲具c共t兲X共t兲c共0兲X共0兲典H¯ .
共11兲
Taking the Born-Oppenheimer approximation, so that averages over electron and nuclear dynamics can be separated,
Green’s function can be found following standard
derivation:31

⬁

−⬁

共14兲

冋冉

dE
⌫ L⌫ R r
关f L共E兲 − f R共E兲兴Im Tr
G
2
⌫L + ⌫R

冊册

,
共15兲

where the advanced Green’s function is given by Ga = 共Gr兲*
and the Fermi functions of the left and right leads are given
by f L,R共E兲. The couplings to the left and right leads are subsumed into ⌫L,R, given by

共9兲

k苸L,R

共13兲

Note that we do not include the broadening from leadmolecule coupling typically found in molecular junction
treatments, as the ET system is analogous to the quantum dot
case where the effect of coupling to the leads 共steady-state
reservoirs兲 is small in the molecular region.
Since the canonical transformation has been made and
the lead-molecule renormalization has been dropped, we
have a noninteracting system37 and the Meir-Wingreen
formalism38 converges to the Landauer result39,40 for the current,

⌫L,R = 2
共Vkc†k c

e−SSl
.
l!

兺

兩Vk兩2␦共E − k兲.

共16兲

k苸L,R

We next transform the current equation to yield an equation for the transition probability rate, W. The current and
rate are both fluxes, related by W = I / e.10,11 The steady state
rate is calculated by
Wi→f = −

=−

2
ប
2
ប

冕

⬁

−⬁

冋

冕 冉
⬁

−⬁

册

dE
⌫ i⌫ f r
关f i共E兲 − f f 共E兲兴Im
G ,
2
⌫i + ⌫ f

冊

dE ⌫i⌫ f
Im关Gr兴,
2 ⌫i + ⌫ f

共17兲

共18兲

where subscripts i / f correspond to initial/final states, and we
have taken in steady-state that f i = 1 and f f = 0.10 The left and
right electrodes have been replaced by initial and final state
reservoirs. Figure 1 illustrates the model system where there
is a final state reservoir to force steady-state conditions,
analogous to an infinitely dense product density of states in
FGR treatments41 as well as a discrete initial state. In the
FGR regime where a rate can be defined, the final state
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FIG. 2. Marcus parabolas showing the polaron shift to 0 are shown. The
exoergicity ⌬ can be related to an applied voltage with a specific potential
profile, as discussed in the text and in Fig. 3.
FIG. 1. The model system used in current/rate calculations is shown. The
initial/final reservoirs correspond to left/right electrodes; however, note that
the initial state is discrete, representing a well-defined reactant state.

coupling will be much stronger than the discrete initial state
coupling so that
⌫i⌫ f /共⌫i + ⌫ f 兲 ⬇ ⌫i = 2兩Vi兩2␦共E − Ei兲.

共19兲

The equation for transition probability rate in steady state
can then be written as
2
Wi→f = − 兩Vi兩2 Im关Gr共Ei兲兴.
ប

共20兲

Note that only one coupling remains in the rate expression—
physically, the loss of any dependence on V f is reasonable
since the final state reservoir is merely a tool for imposing a
continuum of final states to attain a steady-state rate, and Vi
represents the only relevant state coupling, equivalent to the
electronic coupling matrix element, Hif . Thus, the leadmolecule-lead model of a molecular junction can be reduced
to a lead-molecule in the FGR limit of ET.
It is instructive to go through the rate constant formalism
in the zero temperature case for simplicity. Equation 共13兲 can
be Fourier transformed,
⬁

G 共E兲 = 兺
r

l=0

e−SSl
关E − 0 − l0 + i兴−1 ,
l!

共21兲

where  → 0+ is the positive infinitesimal. Thus, inserting the
appropriate zero temperature retarded Green’s function, and
making the association 兩Vi兩2 ⬅ 兩Hif 兩2, we find
⬁

冉 冊

2
e−SSl
␦共Ei − 0 − l0兲.
兩Hif 兩2 兺
Wi→f =
ប
l!
l=0

displaced harmonic oscillator within the Condon approximation.
One interesting note can be made regarding the relationship between the exoergicity in ET 共equivalently, the free
energy change for our case of displaced harmonic oscillators兲
and the voltage in molecular conductance. The exoergicity
and voltage, V, can be related by V = ⌬ / e for a specific voltage profile: this equivalence holds when the voltage drop is
entirely between the initial state 共left electrode兲 and the molecular 共device兲 region, as shown in Fig. 3.
We proceed to the finite temperature case where we use
Eq. 共20兲 with the full form of Gr共E兲,
⬁

G 共E兲 =
r

兺 e−S共2N +1兲Il关2S冑NB共NB + 1兲兴e␤l/2关E − 0 − l0
B

l=−⬁

+ i兴−1 ,

共24兲

and accordingly we find
Wi→f =

2
兩Hif 兩2
ប
⬁

⫻ 兺 e−S共2NB+1兲Il关2S冑NB共NB + 1兲兴e␤l/2␦共⌬ − l0兲.
l=−⬁

共25兲
This result is identical to that obtained from the generating
function method of Kubo43 and Lax44 for a single mode.18,42
We can extend this in the high-temperature limit, ␤ Ⰷ 0, to

共22兲

If we had included the effect of lead broadening on the molecular levels in Eq. 共13兲, the delta function would be replaced by a Lorentzian with width ⌫ / 2. This result is similar
to the Lorentzian broadening expected from relaxation
effects.42 The energy balance in the delta function can be
rewritten by referring to Fig. 2, from which we write
⬁

Wi→f =

冉 冊

2
e−SSl
兩Hif 兩2 兺
␦共⌬ − l0兲,
ប
l!
l=0

共23兲

where ⌬ is the exoergicity of the reaction. Equation 共23兲 is
precisely the result expected from a FGR treatment of the

FIG. 3. Reaction exoergicity ⌬ in electron transfer is equivalent to an applied voltage with profile given by the dotted line.
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the Marcus expression for ET rate. First, the delta function is
rewritten,

␦共⌬ − l0兲 =

冉 冊

1
⌬
␦
−l ,
0 0

共26兲

and we set l = ⌬ / 0 and drop the delta function,18
Wi→f =

2
兩Hif 兩2e−S共2NB+1兲+⌬␤/2I⌬/0关2S冑NB共NB + 1兲兴.
ប0
共27兲

Making use of an asymptotic expression for the Bessel
function,36
Il共z兲 ⬇

exp共z − l2/2z兲

冑2z

,

共28兲

and approximate forms of the high-temperature Bose function, it can be shown18 that Eq. 共27兲 simplifies to
Wi→f =

2
exp关− ␤/4共⌬ − 兲2兴
兩Hif 兩2
,
冑4/␤
ប

rent, something that could show interesting connections with
recent work using time-dependent density functional
theory.48,49

共29兲

where we have defined the Marcus reorganization energy 
in Equation 共5兲. Equation 共29兲 is the oftseen Marcus equation, which can be extended from the FGR to a two-mode
case, as shown by Jortner,42 by redefining  as a sum of
individual mode contributions. The effects of distorted and
displaced harmonic oscillators45 as well as anharmonic
effects46,47 can be treated within this same framework, although the appropriate polaron transformation will be much
more taxing than the equivalent overlap integral calculation
within the FGR.
In summary, we have outlined the formal connection between the steady-state current and the ET rate. After canonical transformation of the Hamiltonian and renormalization of
the electronic Green’s function, we began with the Landauer
equation 关Eq. 共14兲兴 and transformed to a rate equation in the
golden rule regime 关Eq. 共20兲兴. Next, the rate expressions for
zero temperature 关Eq. 共23兲兴 and finite temperature 关Eq. 共25兲兴
were derived. Finally in the high-temperature limit, the Marcus expression was recovered in Eq. 共29兲.
Although we have carried out an extensive analysis of
the electron-phonon interaction, the primary motivation for
making use of the NEGF formalism in the calculation of ET
rates is not to handle the Franck-Condon overlap factors,
which are straightforwardly found in the FGR treatments, but
rather to consider the effects of electron-electron interaction
on the ET event. Treating both strong electron-electron and
electron-phonon interactions will be a difficult challenge, but
significant progress can be made in the regime of strong
electron-phonon interaction and electron-electron interaction
in the perturbative regime. Making use of the results of diagrammatic perturbation theory will allow for new formal
progress in treating dynamical aspects of many-electron effects.
Another direction which we are currently investigating is
the use of the NEGF methodology to explore explicitly the
time dynamics involved in ET. This requires explicit consideration of both the transient and stationary terms in the cur-
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